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ON THE EXISTENCE OF A NON-PRINCIPAL EUCLIDEAN IDEAL CLASS IN
BIQUADRATIC FIELDS WITH CLASS NUMBER TWO
SUNIL KUMAR PASUPULATI
Abstract. We prove that a certain class of biquadratic fields have a Euclidean ideal.
1. Introduction
For a given algebraic number field K, we indicate its ring of integers by OK , its discriminant by dK ,
its ideal class group by Cl(K), its class number by hK , and its multiplicative group of units by O∗K . In
1979, H.W. Jun. Lenstra [8] introduced the definition of the Euclidean ideal which is a generalization of
Euclidean domain.
Definition 1. Let R be a Dedekind domain and E be the set of non zero integral ideals of R. If C is
an ideal of R, then it is called Euclidean if there exists a function Ψ : E→ N, such that for every I ∈ E
and x ∈ I−1C \ C there exist a y ∈ C such that
Ψ
(
(x− y)IC−1) < Ψ(I).
Lenstra proved that if C is a Euclidean ideal, then ideal class [C] generates ClK , therefore ClK
is cyclic. Nevertheless the converse need not be true. Imaginary quadratic fields Q(
√−d) , where
d = 19, 43, 67, 163, have trivial class groups but it does not contain a Euclidean ideal. He classified
all number fields with a Euclidean ideal class under the assumption of GRH. He proved that if K is a
number field with rank(O∗K) ≥ 1 then ClK is cyclic if and only if K has a Euclidean ideal class. In
other words, number fields except imaginary quadratic fields have a cyclic class group if and only if it
has Euclidean class under the assumption of GRH.
H.Graves [5] proved a useful growth result which gives condition for the existence of a Euclidean ideal
in number fields, which removed appeal to GRH. We state the result below and this is one of the main
ingredient for the proof of our theorem.
Theorem 1. Suppose that K is a number field such that |O∗K | = ∞ and that C is a non-zero ideal of
OK . If [C] generates the class group of K and∣∣∣∣∣{prime ideals POk : N(P) ≤ x, [P] = [C], pip is onto}
∣∣∣∣∣≫ x(log x)2
where pip is the canonical map from O∗K → (OK/P)∗, then [C] is a Euclidean ideal class.
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The following theorem is proved by Ram Murthy and Graves using the above growth result. This
theorem removes the assumption of GRH for a certain class of algebraic number fields with a large unit
rank.
Theorem 2. Let K be a number field, Galois over Q. If its Hilbert class field H(K) has an abelian
Galois group over Q and if rank(O∗K) ≥ 4, then
ClK = 〈C〉 if and only if [C] is Euclidean class.
The above result was improved by Jhoshna, Deshouillers and Gun using sieve theory results and they
proved the following.
Theorem 3. Let K be a number field with the rank of O∗K at least 3 and the Hilbert class field H(K) is
abelian over Q. Also suppose that the conductor of H(K) is f and Q(ζf ) over K is cyclic. Then K has
a Euclidean ideal class.
Graves [4] constructed an explicit biquadratic field Q(
√
2,
√
35) which has a non-principal Euclidean
ideal class. The result by Graves was generalized by Hsu [6], Chattopadhyay and Muthukrishnan [6].
Now recall few results regarding the existence of the Euclidean ideal in the biquadratic field.
In [6], Hsu explicitly constructed a family of biquadratic field with a rank of O∗K having a Euclidean
ideal class, described below.
Theorem 4. Suppose K = Q(
√
q,
√
kr). Then K has a non-principal Euclidean ideal class whenever
hK = 2. Here the integers q, k, r are all primes ≥ 29 and are all congruent to 1 modulo 4.
The family of biquadratic field given Hsu [6] is extended by Chattopadhyay and Muthukrishnan [1]
and proved the following result.
Theorem 5. Let K = Q(
√
q,
√
kr), where q ≡ 3 and k, r ≡ 1 (mod 4) are prime numbers. Suppose that
hK = 2. Then K has a Euclidean ideal class.
In this article, we shall provide a new family of biquadratic fields having Euclidean ideal class whenever
the class number of biquadratic field is 2. Our theorem is stated as follows.
Theorem 6. Let K = Q(
√
q,
√
kr), where q ≥ 3 and either k or r is congruent to 1 modulo 4, are prime
numbers not equal to 2, 3, 5, 7 and 17. Suppose that hK = 2. Then K has a Euclidean ideal class.
Combining Theorems 4,5,6, we have the existence of Euclidean ideal in biquadratic field Q(
√
q,
√
kr)
with class number two expect both k, r are congruent to 3 modulo 4. It seems that it there are very
fewer biquadratic fields Q(
√
q,
√
kr) with k, r ≡ 3 (mod 4) and having class number two.
For the real biquadratic field K we have rank(O∗K) = 3. But we can’t conclude that K has a Euclidean
ideal by using Theorem 3 because Q(ζf )/K is not cyclic, where f is the conductor of the Hilbert class
field of K.
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2. Preliminaries
Definition 2. Let L/Q be finite abelian extension. The conductor of L is defined to be the smallest
even number f such that L ⊂ Q(ζf ).
Definition 3. Let K be a number field. The Hilbert class field H(K) of K is defined to be the maximal
unramified abelian extension of K.
The following lemma is a consequence of the Artin reciprocity law which establishes the relation
between Galois group of Hilbert class field and Class group of the number field .
Lemma 7. Let K be a number field and let H(K) be Hilbert class field of K. Then the Galios group of
H(K) over K is isomorphic to ClK i.e
Gal(H(K)/K) ∼= ClK .
By careful reading through [3] we state the following theorem.
Theorem 8. If p is a prime not equal to 2, 3, 5, 7 and 17, then there exists a prime q < p and q ≡ 3
(mod 4) which is a quadratic residue modulo p.
We also recall the following theorem about the existence of quadratic non residue modulo p from [9].
Theorem 9. For every prime p ≥ 5, there is a prime quadratic non residue q ≡ 3 (mod 4) with q < p.
Lemma 10. ([7] II, §4, Proposition 8) Let L be a finite extension of discrete valued field K. If L is
unramified over K and K1 is a finite extension of K, then LK1 is unramified over K1.
Lemma 11. Let L1, L2 are finite extensions of number field K. Suppose prime p in K is unramified in
L1. If P2 be prime of L2 lie above p then P2 is unramified in L1L2.
Proof. Let L be the compositum of fields L1 and L2. Consider p adic valuation on K and extend the p
adic valuation to L1, L2, L. Suppose P1,P2,P are primes of L1, L2, L respectively which lie above prime
p of K. It is well known from the local-global theory of ramification, if E/F be an extension of number
fields and Q be a prime of E lie above prime q of F , then e(Q/q) = eEq/Fq , where Eq and Fq are q adic
completion of E and F respectively.
(L1L2)q
L1q L2q
Kq
Observe eL1p/Kp = e(p/p) = 1 then L1p/Kp is unramified. So Lp/L2p is unramified i.e eLp/L2p = 1. So
now using Lemma 10 we conclude that e(P/P2) = 1. Hence P2 is unramified in L1L2. 
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We recall a result from class field theory.
Lemma 12. Let K ⊂ L be a Galois extension of number fields and P be a prime of OK which is
unramified in L. If P is prime of OL containing P, then there exist unique element σ ∈ Gal(L/K) such
that for all α ∈ OL,
σ(α) ≡ αN(P ) mod P,
where N(P ) = |OKP | is the norm of P.
Now we look at one of the important objects of algebraic number theory, the Artin symbol.
Definition 4. The unique element σ in above lemma is called Artin symbol and it is denoted by
(
L/K
P
)
.
Let us look at some useful properties of Artin symbol which will be useful in later part of this article.
Lemma 13. Let K ⊂ L be a Galois extension and let P be an unramified prime of K. Given a prime
P of L containing P, we have:
(1) If σ ∈ Gal(L/K) then (
L/K
σ(P)
)
= σ
(
L/K
P
)
σ−1
(2) The prime P splits completely in L if and only if
(
L/K
P
)
= 1.
Remark 14. Let L/K is an abelian extension. For any two primes P1,P2 of L which lie over prime p
of K we have
(
L/K
P1
)
=
(
L/K
P2
)
. Therefore for any prime P which lie above p, the Artin symbol denoted
by
(
L/K
p
)
.
Definition 5. Let K be a number field and PK be the set of all prime ideals of OK . If S is a subset of
PK then the Dirichlet density of the set S is defined to be as
δ(S) = lims→1+
∑
p∈S N(p)
−1∑
p∈PK N(p)
−1
provided limit exist. Where N(P) is order of residue field of P which is same as the quantity OK/P .
We recall the Chebotarev density theorem [Theorem 6.3.1 in [2]] which helps to calculate the Dirichlet
density of a set.
Theorem 15. Let L/K be a finite Galois extension of global fields and C be a conjugacy class in
Gal(L/K). Then the Dirichlet density of{
p ∈ P (K) : p is unramified in L and
(
L/K
p
)
= C
}
exists and is equal to |C|[L:K] .
We end this section by stating a lemma without proof, whose proof is evident from Corollary 5.21
and Corollary 5.25 of [2].
Lemma 16. Let K ⊂ L be an extension of number field. Suppose P and p are primes of L and K
respectively lie above rational prime p. If P/p has residue degree 2 and p/p has residue degree 1 then p
is non-principal ideal.
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3. Proof of the main theorem
We start this section by calculating the Hilbert class field of K, which plays a crucial role in the proof
of our main theorem.
Lemma 17. Let K = Q(
√
q,
√
kr) as in Theorem 6, then H(K) = Q(
√
q,
√
k,
√
r).
Proof. Let L = Q(
√
q,
√
k,
√
r). The conductor of L is f(L) = lcm(f(K1K2), f(K3)) = lcm(4qk, r) =
4qkr, therefore the only primes that might ramify in L/K are primes that lying above 2, q, k, r.
Primes lie above 2:
We have either k or r is congruent to 1 modulo 4, so it is enough to assume r ≡ 1 (mod 4). Observe that
r ≡ 1 (mod 4), so 2 does not ramify in Q(√r). Now Lemma 11 would imply that the primes lie above 2
in K are unramified in L.
Primes lie above k, q, r:
Let p be one of k, q, r. It is clear that p is unramified in either Q(
√
r) or Q(
√
k). We use Lemma 11 to
deduce that the primes above p in K are unramified in L. Therefore all primes of K are unramified in
L, Thus L is an abelian unramified extension of K. As a consequence of fact, Hilbert class field H(K) of
K is the maximal abelian unramified extension of K, we have L ⊂ H(K). The Artin reciprocity law (7)
states that Gal(H(K)/K) ∼= ClK . Hence H(K) = L. 
Graves had stated the following theorem in [4].
Theorem 18. Let K be a totally real number field with conductor f(K) and {e1, e2, e3} be a multiplica-
tively independent set contained in O∗K . If l = lcm(16, f(K)), and if gcd(u, l) = gcd(u−12 , l) = 1 for some
integer u, then∣∣∣∣∣
{
primes ideal of first degree
∣∣∣ N(P) ≡ u (mod l), N(P) ≤ x, 〈−1, ei〉։ (OK/P)∗}
∣∣∣∣∣≫ x(log x)2
for at least one i.
Lemma 19. The primes which split completely in K but not in H(K) have density 18 .
Proof. Consider the following two sets of prime numbers XK , XH(K) which split completely in K,H(K)
respectively.
XK =
{
p : p is prime and
(
K/Q
p
)
= 1
}
,
XH(K) =
{
p : p is prime and
(
H(K)/Q
p
)
= 1
}
.
Observe that K ⊂ H(K), which infers that if a prime splits completely in H(K) then it splits completely
in K. Therefore XH(K) ⊂ XK . The primes which split completely in K, but do not split completely
in H(K) are XK \XH(K). The identity element in Galois group alone account for conjugacy class. By
the Theorem 15, the Dirichlet densities of XK , XH(K) are 1/4 and 1/8. Since XH(K) ⊂ XK , Dirichlet
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density of the set XK \XH(K) is 14 − 18 = 18 . Therefore XK \ XH(K) is infinite since XK \ XH(K) has
positive Dirichlet density.

Proof of Theorem 6
Our goal is to apply Theorem 18 to K = Q(
√
q,
√
kr) in order to obtain the growth result which is
necessary to apply Theorem 1. Since K is a totally real number field of degree 4, with signature (4, 0).
We recall Dirichlet’s unit theorem which asserts that the rank of the unit group is r1+ r2− 1. Therefore
rank of OK is 3, so there exists a set {e1, e2, e3} which happens to be multiplicatively independent in
O∗K .
Our strategy in applying Theorem 18 is similar to [1] and [6] we find an arithmetic progression with
a common difference equal to the conductor of H(K).
We need to find u ∈ Z satisfying following conditions to fit into hypotheses of Theorem 18. Let
l = lcm(16, f(K)) = lcm(16, 4qkr) = 16qkr.
(1) (u, l) = 1,
(2) (u−12 , l) = 1.
Since we are looking for non-principal prime ideals we demand u to satisfy one more condition.
(3) If prime p ≡ u (mod 4qkr), then f(p/p) = 1 and f(P/p) = 2, where f(p/p) and f(P/p) are
residue degree of primes p of K and P of L lying above p.
By Lemma 19, there are infinitely many primes satisfying condition 3. Observe, prime p splits completely
in K = Q(
√
q,
√
kr) if and only if p splits completely Q(
√
q),Q(
√
kr). This translate to(
q
p
)
= 1 and
(
kr
p
)
= 1
Similarly prime p splits completely in H(K) = Q(
√
q,
√
k,
√
r) if and only if(
q
p
)
= 1,
(
k
p
)
= 1 and
(
r
p
)
= 1.
If p /∈ XH(K) then
(
q
p
)
= −1 or
(
k
p
)
= −1 or
(
r
p
)
= −1. Therefore
XK \XH(K) =
{
p : p is prime and
(
q
p
)
= 1 and
(
k
p
)
=
(
r
p
)
= −1
}
.(3.1)
We translate the conditions to be satisfied by u into the simultaneous congruences, then we obtain u
by Chinese reminder theorem. Note that the condition (2) is equivalent to the following simultaneous
congruences
u 6≡ 1 (mod q);
u 6≡ 1 (mod k);
u 6≡ 1 (mod r);
u 6≡ 1 (mod 4).
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Now we are all set to produce a desired u. We demonstrate how to choose the u in two different cases.
Case-1 q ≡ 1, k ≡ 3, r ≡ 1 (mod 4).
By Theorem 8 and Theorem 9, there exist prime numbers p1, p2, p3 with p1 < q, p2 < k, p3 < r satisfying(
p1
q
)
= 1 =
(p2
k
)
,
(p3
r
)
= −1 and p1, p2, p3 ≡ 3 (mod 4).
Now consider the following system of simultaneous congruences.
x ≡ p1 (mod q);(3.2)
x ≡ p2 (mod k);(3.3)
x ≡ p3 (mod r);(3.4)
x ≡ 3 (mod 4).(3.5)
The Chinese reminder theorem promises a unique solution modulo 4qkr to the above system of congru-
ence, say x0. Since gcd(x0, 4qkr) = 1, by the Dirichlet’s Theorem on primes in arithmetic progression,
there exist infinitely many prime numbers p satisfying p ≡ x0 (mod 4qkr). We pick such a prime number
p and call it u. It is easy to observe that u satisfies conditions (1) and (2).
Now we use quadratic reciprocity law to show that u satisfies 3.1. We have( q
u
)
= (−1)u−12 q−12
(
u
q
)
=
(
p1
q
)
= 1.
Also, (
k
u
)
= (−1) k−12 u−12
(u
k
)
= (−1)
(p2
k
)
= −1,
and ( r
u
)
= (−1) r−12 u−12
(u
r
)
=
(p3
r
)
= −1.
Case-2 q ≡ 3, k ≡ 3, r ≡ 1 (mod 4). By Theorem 8 and Theorem 9, there exist prime numbers p1, p2, p3
with p1 < q, p2 < k, p3 < r satisfying(
p1
q
)
= −1 =
(p3
r
)
,
(p2
k
)
= 1 and p1, p2, p3 ≡ 3 (mod 4).
Now consider the following system of simultaneous congruences.
x ≡ p1 (mod q);(3.6)
x ≡ p2 (mod k);(3.7)
x ≡ p3 (mod r);(3.8)
x ≡ 3 (mod 4).(3.9)
The Chinese remainder theorem promises a unique solution modulo 4qkr to the above system of congru-
ence, say x0. Since gcd(x0, 4qkr) = 1, by the Dirichlet’s Theorem on primes in arithmetic progression,
there exist infinitely many prime numbers p satisfying p ≡ x0 (mod 4qkr). We pick such a prime number
p and call it u. It is easy to observe that u satisfies conditions (1) and (2)..
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Now we use quadratic reciprocity law to show that u satisfies 3.1. We have
( q
u
)
= (−1)u−12 q−12
(
u
q
)
= −
(
p1
q
)
= 1.
Also, (
k
u
)
= (−1) k−12 u−12
(u
k
)
= −
(p2
k
)
= −1,
and
( r
u
)
= (−1) r−12 u−12
(u
r
)
=
(p3
r
)
= −1.
Now it is clear that u satisfies the conditions (1) , (2) and (3.1) and also for any prime p satisfying
p ≡ u (mod 4qkr), we have p lying above p which does not split in H(K) therefore f(P/p) = 2. By
Lemma 16, p is not a principal ideal. Hence [p] is generator of ClK .
∣∣∣∣∣∣∣∣∣∣


N(P) ≤ x,
prime ideals POk
∣∣∣∣∣ [P] = [C],
pip is onto


∣∣∣∣∣∣∣∣∣∣
>>
∣∣∣∣∣∣∣∣∣∣


N(P) ≡ u (mod l),
primes ideal of
∣∣∣∣∣ N(P) ≤ x,
first degree 〈−1, ei〉։ (OK/P)∗


∣∣∣∣∣∣∣∣∣∣
≫ x
(log x)2
Now by applying Theorem 1, we conclude that K has a non-principal Euclidean ideal.
4. Examples
There are plenty of biquadratic fields Q(
√
q,
√
kr) with class number two. Here we present a few
examples Q(
√
q,
√
kr) which satisfy conditions in Theorem 6. All these computations are carried out in
SageMath.
(q, k, r) h
Q(
√
q,
√
kr) (q, k, r) hQ(√q,√kr)
(11,19,13) 2 (11,67,13) 2
(11, 23,13) 2 (11, 71,13) 2
(11,31 ,13) 2 (19,11,13) 2
(11,43 ,13) 2 (19,23,13) 2
(11,47,13) 2 (19,31,13) 2
(11,59 ,13) 2 (19,43,13) 2
Table 1: Examples of Q(
√
q,
√
kr) with q ≡ 3, k ≡ 3, q ≡ 1 (mod 4) and having class number 2.
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(q, k, r) h
Q(
√
q,
√
kr) (q, k, r) hQ(√q,
√
kr)
(13,11,37) 2 (37,11,29) 2
(13,11,41) 2 (37,11,61) 2
(29,11,37) 2 (37,11,109) 2
(29,11,41) 2 (41,11,13) 2
(29,11,73) 2 (41,11,29) 2
(37,11,13) 2 (41,11,53) 2
Table 2: Examples of Q(
√
q,
√
kr) with q ≡ 1, k ≡ 3, q ≡ 1 (mod 4) and having class number 2.
5. Concluding Remarks
In [8], Lenstra also defined norm Euclidean ideals, which are the Euclidean ideals with the Euclidean
algorithm as the norm on a number field.
Definition 6. If K is a number field and C be a fractional ideal of OK , then C is norm Euclidean if for
all x ∈ K there exists y ∈ C such that
Nm(x− y) < Nm(C)
We do not know if K has norm Euclidean ideal.
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